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DECOMPOSING THE REAL LINE INTO BOREL SETS CLOSED
UNDER ADDITION
MA´RTON ELEKES AND TAMA´S KELETI
Abstract. We consider decompositions of the real line into pairwise disjoint
Borel pieces so that each piece is closed under addition. How many pieces can
there be? We prove among others that the number of pieces is either at most
3 or uncountable, and we show that it is undecidable in ZFC and even in the
theory ZFC + c = ω2 if the number of pieces can be uncountable but less
than the continuum. We also investigate various versions: what happens if we
drop the Borelness requirement, if we replace addition by multiplication, if the
pieces are subgroups, if we partition (0,∞), and so on.
1. Introduction
We consider decompositions of the real line into Borel subsets with some addi-
tional algebraic structure. In this paper the words ‘decomposition’ and ‘partition’
will always refer to writing the real line as a union of pairwise disjoint sets. The main
question is weather the number of pieces can be strictly between ω and c. First,
the question is interesting if we impose no algebraic structure at all. Lebesgue was
the first one to show that the real line can be decomposed into ω1 Borel sets, hence
it is consistent with ZFC that the number of pieces can be strictly between ω and
c. Later Hausdorff [8] showed that there is in fact a partition into ω1 many Fσδ
sets. Whether the real line can be partitioned into ω1 many Gδσ sets is already
independent from ZFC, and even from ZFC + c = ω2, see [14] for the details.
Finally, J. Stern [18] and independently A. W. Miller [14] proved that consistently
c = ω2 and the real line can be partitioned into ω1 many compact sets.
It is important to mention the following remarkable theorem of Silver: If an
equivalence relation on the line (considered as a subset of the plane) is Borel then
there are countably many or continuum many equivalence classes [16]. This shows
that in all these decompositions into κ ∈ (ω, c) many Borel pieces the relation of
being in the same piece is fairly complicated. We will return to this issue in the
Open questions section.
In this paper the algebraic assumption about the pieces will mostly be that each
piece is closed under addition. In other words, we partition the real line into Borel
additive semigroups. Since (−∞, 0), {0} and (0,∞) are closed under addition, we
can trivially decompose R into one, two or three Borel sets that are closed under
addition. We show (Theorem 2.4) that in any other decomposition of the real line
into Borel additive semigroups each semigroup must have Lebesgue measure zero
and must be of first category. Therefore the number of pieces is either 1, 2, 3 or
uncountable (in fact, at least max(covM, covN )). The sets of the form c · Q+
clearly decompose R into continuum many sets that are closed under addition. So
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it is consistent with ZFC that the set of the possible number of pieces is {1, 2, 3, c}.
Can this be proved in ZFC?
Our main result (Theorem 3.1) is that it is consistent with ZFC that c = ω2
and R can be decomposed into ω1 Borel sets that are closed under addition.
Now, in the remaining part of the introduction we say a few words about certain
natural variations of the problem.
If we do not require the sets to be Borel then the problem is much easier and
the answer is much simpler. Throughout the paper κ and λ will denote cardinal
numbers.
Proposition 1.1. For any 1 ≤ κ ≤ c there exists a decomposition R =
⋃
α<κAα
such that each Aα is nonempty and closed under addition.
Proof. Let H = {hα : α < c} be a Hamel basis of R. For every x ∈ R \ {0} take its
unique representation in the form x = r1hα1+. . .+rnhαn , where r1, . . . , rn ∈ Q\{0}
and α1 < . . . < αn < c and let f(x) = α1 and g(x) = r1. For any α < c let
Bα = {x : f(x) = α, g(x) > 0}.
Clearly every Bα is nonempty and closed under addition. The same is true for
Cβ = R \ (∪α<βBα) for any β ≤ c since x ∈ Cβ ⇔ f(x) ≥ β or g(x) < 0 or x = 0.
Let κ′ be κ − 1 if κ is finite and κ otherwise. Then R = Cκ′ ∪
⋃
α<κ′ Bα is a
decomposition with the required properties. 
If we consider multiplication instead of addition then we get similar results (both
for the Borel and the non-Borel case), but the negative numbers cause some extra
technical complications, see Theorem 2.6 and Corollary 2.8. Hence it is perhaps
more natural to decompose only (0,∞) into subsets that are closed under multi-
plication. Taking logarithm it is clear that such a decomposition is equivalent to
a decomposition of R into sets that are closed under addition. Recently R. Freud
[7] raised the question if (0,∞) can be decomposed into two parts that are closed
under both addition and multiplication. It turned out that this had already been
solved in 2007 by D. M. Kane, who had proved that such a decomposition exists.
Another answer was given in [12], where the authors also describe the structure of
all such decompositions. They also show that for any 1 ≤ κ ≤ c one can decompose
(0,∞) into κ sets that are closed under addition and multiplication.
So far we considered additive or multiplicative semigroups. It is natural to
ask what happens if we require groups. Then of course we cannot hope to get
decompositions since all groups contain the neutral element. So we should rather
require that their intersection only contains the neutral element. In this case we say
that the subgroups are essentially disjoint. But it turns out that even in that case
the answer is fairly easy, even in a more general setting. Recall that |X | denotes
the cardinality of a set X .
Proposition 1.2. If an infinite group G is the union of κ many essentially disjoint
subgroups then κ = 1 or κ = |G|.
Proof. Let G =
⋃
α<κHα be a union consisting of essentially disjoint nonempty
subgroups. Assume κ ≥ 2. Since the Hα’s are essentially disjoint, κ cannot exceed
|G|, so we only need to show that κ ≥ |G|.
Let α < κ and g /∈ Hα. Then |gHα ∩ Hβ | ≤ 1 for every β 6= α, since if
g1, g2 ∈ gHα∩Hβ then g
−1
1 g2 ∈ Hα∩Hβ = {e}, hence g1 = g2. Since gHα∩Hα = ∅,
the Hβ ’s cover gHα, hence κ ≥ |Hα|. Repeating the argument for every α yields
κ ≥ sup{|Hα| : α < κ}. Let λ = sup{|Hα| : α < κ}, then κ ≥ λ. If λ = |G| then
κ ≥ λ = |G| and we are done, so let λ < |G|. Since the Hα’s cover G, we obtain
κλ ≥ |G|, in particular, κ is infinite. Then κλ = κ, therefore κ ≥ |G|, hence the
proof is complete. 
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We remark here that it is easy to check that if R is the union of essentially disjoint
subgroups, then these groups are actually Q-linear vector spaces. Hence there is a
close connection to the theory of so called vector space partitions, which deals with
the problem of how one can write a vector space as the union of essentially disjoint
proper subspaces. However, this theory mostly considers finite vector spaces, since
one of the main motivations is the connection to error-correcting codes. See e.g.
[3], [4], [6], [9] and the references therein for more details.
2. Non-existence results concerning Borel decompositions
In this section we prove structural results about decompositions into additive
and/or multiplicative Borel semigroups, which in turn yield strong limitations about
the possible number of pieces. All results of the section are proved in ZFC.
Notation 2.1. For any A ⊂ R, n ∈ N+ let (n)A = {a1 + . . .+ an : an ∈ A}.
The following lemma is clearly well-known, however, for the sake of completeness
we include its proof.
Lemma 2.2. Let B ⊂ R be a Borel set and suppose that B has positive Lebesgue
measure or B is of second category.
(i) Then
⋃
∞
k=1(2k)B contains a halfline.
(ii) If we also have B +B ⊂ B or B +B +B ⊂ B then B contains a halfline.
Proof. (i) If B has positive Lebesgue measure then Steinhaus theorem [17], if B is
of second category then Piccard theorem [15] (see also in [11]) implies that B + B
contains an interval (a, b), so (2k)B ⊃ (ka, kb) for any k ∈ N+. Since for large
enough k the consecutive intervals (ka, kb) overlap, and so ∪∞k=1(ka, kb) contains a
halfline, this completes the proof of (i).
(ii) If B +B ⊂ B then B contains
⋃
∞
k=1(2k)B so we are done by (i).
Now suppose that B+B+B ⊂ B. Then, by induction we get that (2k+1)B ⊂ B
for any k ∈ N+. Thus we have
⋃
∞
k=1(2k + 1)B ⊂ B. Since
⋃
∞
k=1(2k + 1)B =
B +
⋃
∞
k=1(2k)B and B is nonempty, (i) implies that
⋃
∞
k=1(2k + 1)B contains a
halfline, which completes the proof of (ii). 
Lemma 2.3. Suppose that we have a decomposition (0,∞) =
⋃
α<κBα such that
every Bα is Borel and for each α < κ we have Bα +Bα ⊂ Bα or Bα +Bα +Bα ⊂
Bα. Then either every Bα is of Lebesgue measure zero and is of first category or
Bα1 = (0,∞) for some α1 < κ.
Proof. Suppose that there is an α1 < κ such that Bα1 has positive Lebesgue mea-
sure or is of second category. We will show that Bα1 = (0,∞).
By Lemma 2.2, Bα1 contains a halfline, so the other sets of the decomposition
are all bounded. But clearly no bounded nonempty set B ⊂ (0,∞) can have the
property B +B ⊂ B or B +B +B ⊂ B, so we have Bα1 = (0,∞). 
Theorem 2.4. Suppose that we have a decomposition R =
⋃
α<κAα such that each
Aα is a Borel set closed under addition. Then every Aα is of Lebesgue measure zero
and is of first category, or is equal to R, (−∞, 0), (−∞, 0], (0,∞), or [0,∞).
Proof. If R =
⋃
α<κAα is a decomposition such that each Aα is closed under
addition then (0,∞) =
⋃
α<κAα ∩ (0,∞) is also a decomposition and each Aα ∩
(0,∞) is closed under addition. Then by Lemma 2.3, Aα ∩ (0,∞) is either (0,∞)
or a set of Lebesgue measure zero and of first category. By symmetry, we also have
that Aα ∩ (−∞, 0) is either (−∞, 0) or a set of Lebesgue measure zero and of first
category.
It remains to prove that if Aα contains (0,∞) or (−∞, 0) then Aα equals R,
(−∞, 0), (−∞, 0], (0,∞) or [0,∞). So suppose that Aα ⊃ (0,∞) and a ∈ Aα ∩
4 MA´RTON ELEKES AND TAMA´S KELETI
(−∞, 0). Then, since Aα is closed under addition, we get Aα ⊃ (a,∞), so Aα ∩
(−∞, 0) has positive measure, thus by the previous paragraph Aα ⊃ (−∞, 0),
therefore Aα = R. Similarly, we can prove that if Aα ⊃ (−∞, 0) and a ∈ Aα∩(0,∞)
then Aα = R, which completes the proof. 
Recall that if I is an ideal on a set X then cov I = min{|H| : H ⊂ I,∪H = X}.
Let N and M denote the ideal of Lebesgue nullsets and the ideal of sets of first
category in R, respectively.
Corollary 2.5. Suppose that we have a decomposition R =
⋃
α<κAα such that
each Aα is a nonempty Borel set closed under addition. Then κ ∈ {1, 2, 3} or
κ ≥ max(covN , covM).
Proof. If κ < max(covN , covM) then at most κ sets of Lebesgue measure zero
and of first category cannot cover (−∞, 0) or (0,∞). Then by Theorem 2.4, every
Aα equals to {0}, R, (−∞, 0), (−∞, 0], (0,∞), or [0,∞), so κ ≤ 3. 
Theorem 2.6. Suppose that we have a decomposition R =
⋃
α<κMα such that
each Mα is a Borel set closed under multiplication. Then every Mα is of Lebesgue
measure zero and is of first category, or is the union of some of the sets (−1, 0) ∪
(0, 1), (−∞,−1) ∪ (1,∞), {−1, 1} and {0}.
Proof. Let Bα = Mα ∩ (−∞,−1). Then Bα is not closed under multiplication
but we still have Bα · Bα · Bα ⊂ Bα since Mα ·Mα ·Mα ⊂ Mα and (−∞,−1) ·
(−∞,−1) · (−∞,−1) ⊂ (−∞,−1). Let Cα = log(−Bα). Then
⋃
α<κ Cα is a Borel
decomposition of (0,∞) and we have Cα + Cα + Cα ⊂ Cα. Then by Lemma 2.3,
either every Cα is of Lebesgue measure zero and is of first category or there exists
an α1 < κ for which Cα1 = (0,∞). In the first case every Bα = Mα ∩ (−∞,−1)
is also of Lebesgue measure zero and is of first category. In the latter case, for
this α1, we have (−∞,−1) = Bα1 = Mα1 ∩ (−∞,−1). Since Mα1 is closed under
multiplication, it also contains (1,∞), so we have Mα1 ⊃ (−∞,−1) ∪ (1,∞).
Repeating the above argument for B′α = Mα ∩ (−1, 0) and C
′
α = − log(−B
′
α) we
get that either every B′α = Mα ∩ (−1, 0) is of Lebesgue measure zero and of first
category or there exists an α2 < κ such that Mα2 ⊃ (−1, 0) ∪ (0, 1).
Since the set Mα that contains −1 also contains 1, the only fact that remains
to prove is that if Mα contains one of (−∞,−1) ∪ (1,∞) and (−1, 0) ∪ (0, 1) then
either it contains the other one or it is disjoint from the other one. So suppose that
Mα ⊃ (−∞,−1)∪ (1,∞) and a ∈Mα ∩ ((−1, 0)∪ (0, 1)). Then, since Mα is closed
under multiplication, we get Mα ⊃ (−∞,−a) ∪ (a,∞), so Mα ∩ ((−1, 0) ∪ (0, 1))
has positive measure, thus by the above paragraphMα ⊃ (−1, 0)∪ (0, 1). Similarly,
we can prove that if Mα ⊃ (−1, 0) ∪ (0, 1) and a ∈ Mα ∩ (−∞,−1) ∪ (1,∞)) then
Mα ⊃ (−∞,−1) ∪ (1,∞), which completes the proof. 
Remark 2.7. Similarly to Theorem 2.4, we could also explicitly describe in The-
orem 2.6 the possible options for Mα, in case it is not a Lebesgue measure zero
set of first category. We cannot get all the 24 = 16 possible unions of the sets
(−1, 0)∪ (0, 1), (−∞,−1)∪ (1,∞), {−1, 1} and {0}, since some of these unions are
not closed under multiplication. We do not have to take those ones that are of
measure zero and first category. But it is easy to see that Mα can be any of the re-
maining 10, namely (−1, 0)∪(0, 1), [−1, 0)∪(0, 1], (−1, 1), [−1, 1], (−∞,−1)∪(1,∞),
(−∞,−1]∪ [1,∞), (−∞,−1)∪{0}∪ (1,∞), (−∞,−1]∪{0}∪ [1,∞), R and R\{0}.
Corollary 2.8. Suppose that we have a decomposition R =
⋃
α<κMα such that
each Mα is a nonempty Borel set closed under multiplication. Then κ ∈ {1, 2, 3, 4}
or κ ≥ max(covN , covM).
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Proof. If κ < max(covN , covM) then at most κ sets of Lebesgue measure zero
and of first category cannot cover any interval. Then by Theorem 2.6 every Mα is
the union of some of the sets (−1, 0) ∪ (0, 1), (−∞,−1) ∪ (1,∞), {−1, 1} and {0},
so κ ≤ 4. 
Corollary 2.9. Suppose that we have a decomposition R =
⋃
α<κBα such that
each Bα is a nonempty Borel set closed under both addition and multiplication.
(i) Then either every Bα is of Lebesgue measure zero and is of first category or
Bα1 = R for some α1 < κ.
(ii) We have κ = 1 or κ ≥ max(covN , covM)
Proof. Claim (i) follows directly from Theorems 2.4 and 2.6. Claim (ii) follows from
(i). 
3. The main result: Existence of a certain Borel decomposition
Theorem 3.1. It is consistent that c = ω2 and the real line can be partitioned into
ω1 additive Fσ semigroups; that is, there exists a decomposition R =
⋃
α<ω1
Aα
such that each Aα is a nonempty Fσ set closed under addition.
Proof. Ciesielski and Pawlikowski [5] proved that consistently c = ω2 and there
exist a Hamel basis that is the union of ω1 pairwise disjoint Cantor sets. Fix such a
Hamel basis H with such a decomposition H =
⋃
α<ω1
Cα, and in each Cantor set
Cα fix a countable base {Bkα}k∈N+ such that for each k and α both B
k
α and Cα \B
k
α
are compact.
Every x ∈ R has a unique representation of the form x = r1b1+ . . .+rnbn, where
r1, . . . , rn ∈ Q \ {0} and b1, . . . , bn ∈ H . For notational simplicity, let us define
B(x) = {b1, . . . , bj}, and for any J ⊂ H we say that ri is a J-coefficient of x if
bi ∈ J . For x ∈ R let
I(x) = { α < ω1 : x has a Cα-coefficient } = { α < ω1 : B(x) ∩ Cα 6= ∅ }.
For x ∈ R and J ⊂ H also let S(x, J) be the sum of the J-coefficients of x. Note
that S(x+ y, J) = S(x, J) + S(y, J) for every J ⊂ H and x, y ∈ R.
Finally, let
A+(α, k) = {x ∈ R \ {0} : max(I(x)) = α, S(x,Bkα) > 0, (∀i < k) S(x,B
i
α) = 0},
A−(α, k) = {x ∈ R \ {0} : max(I(x)) = α, S(x,Bkα) < 0, (∀i < k) S(x,B
i
α) = 0}.
In other words, A+(α, k) contains x ∈ R \ {0} if and only if α is the largest
ordinal so that x has a Cα-coefficient and k is the smallest integer so that the sum
of the Bkα-coefficients of x is nonzero and this sum is positive, and similarly for
A−(α, k).
We claim that {0} and the sets A+(α, k) and A−(α, k) for α < ω1 and k ∈ N
+
form a decomposition with all the required properties.
It is clear from the definitions that these sets are pairwise disjoint. To show that
their union is R it is enough to check that if x has a Cα-coefficient then S(x,B
i
α) is
nonzero for some i ∈ N+. So suppose that x has a Cα-coefficient, that is, B(x)∩Cα
is a nonempty finite subset of Cα. Since {Biα}i∈N+ is a base of Cα, there exists an i
such that B(x) ∩Biα is a singleton, hence S(x,B
i
α), as the sum of a single nonzero
term, cannot be zero.
Now we show that the sets A+(α, k) and A−(α, k) are closed under addition. By
symmetry, it is enough to prove this for A+(α, k). If x, y ∈ A+(α, k) then clearly
S(x+y,Bkα) = S(x,B
k
α)+S(y,B
k
α) > 0 and S(x+y,B
i
α) = S(x,B
i
α)+S(y,B
i
α) = 0
for every i < k. Since S(x + y,Bkα) > 0, x + y has a Cα-coefficient. On the other
hand, x and y have no Cβ-coefficients for β > α, so x+y cannot have Cβ -coefficients
either, thus max(I(x+ y)) = α. Therefore x+ y ∈ A+(α, k), indeed.
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So it remains to prove that the sets A+(α, k) and A−(α, k) are Fσ, and again
it is enough to prove this for A+(α, k). Fix α < ω1 and k ∈ N+. Note that
A+(α, k) = Dα + E
+(α, k), where
Dα =
{
x ∈ R \ {0} : B(x) ⊂ ∪β<αCβ
}
,
E+(α, k) =
{
x ∈ R \ {0} : B(x) ⊂ Cα, S(x,B
k
α) > 0, (∀i < k) S(x,B
i
α) = 0
}
,
and we use the notation A+B = {a+ b : a ∈ A, b ∈ B}. The sum of two compact
sets is compact, hence the sum of two σ-compact sets is σ-compact, thus it is enough
to check that both Dα and E
+(α, k) are σ-compact.
The set Dα is σ-compact since
Dα =
⋃
{ r1Cβ1 + . . .+ rmCβm : m ∈ N
+, (∀i = 1, . . .m) ri ∈ Q, βi < α }.
In order to show that E+(α, k) is σ-compact, we rewrite it as
E+(α, k) = F+(α, k) ∩ F 0(α, 1) ∩ F 0(α, 2) ∩ . . . ∩ F 0(α, k − 1),
where for any n ∈ N+,
F 0(α, n) = { x ∈ R \ {0} : B(x) ⊂ Cα, S(x,B
n
α) = 0 },
F+(α, n) = { x ∈ R \ {0} : B(x) ⊂ Cα, S(x,B
n
α) > 0 }.
Thus, to complete to proof, it is enough to show that the sets F 0(α, n) and F+(α, n)
are σ-compact. Note that these sets can be also written as
F 0(α, n) =
⋃ {
r1B
n
α + . . .+ rmB
n
α + rm+1(Cα \B
n
α) + . . .+ rm+l(Cα \B
n
α) :
m, l ∈ N, r1, . . . , rm+l ∈ Q, r1 + . . .+ rm = 0
}
,
F+(α, n) =
⋃ {
r1B
n
α + . . .+ rmB
n
α + rm+1(Cα \B
n
α) + . . .+ rm+l(Cα \B
n
α) :
m, l ∈ N, r1, . . . , rm+l ∈ Q, r1 + . . .+ rm > 0
}
.
Since the sets Bnα and Cα \B
n
α were chosen to be compact, these sets are σ-compact
indeed, which completes the proof. 
The following simple observations show that Theorem 3.1 is sharp in the sense
that Fσ cannot be replaced by Gδ.
Proposition 3.2. Suppose that for some cardinal κ we have a decomposition R =⋃
α<κAα such that each Aα is closed under addition and nonempty.
(i) Then each Aα is the union of sets of the form c ·Q+ (c ∈ R).
(ii) If each Aα is a nonempty Gδ set then each Aα is the union of some of the
sets (−∞, 0), {0}, (0,∞), consequently κ ≤ 3.
Proof. (i) Suppose that x, y ∈ R, x/y ∈ Q+, x ∈ Aα and y ∈ Aβ . Since x/y ∈ Q+,
x and y has a common positive integer multiple z. But then z is both in Aα and
Aβ , so we have α = β, which completes the proof of (i).
(ii) If each Aα is a nonempty Gδ set then, by (i), each Aα is residual in (−∞, 0)
or in (0,∞) or equals to {0}, which completes the proof of (ii). 
Combining the results of this section and the previous one, in case of c = ω2 we
can exactly determine how many Borel additive semigroup one can decompose R
into:
Corollary 3.3. Let K be the set of cardinalities of all possible decompositions of R
into Borel additive semigroup; that is, let
K = {κ : ∃ Borel decomposition ∪α<κ Bα = R with (∀α)Bα +Bα ⊂ Bα, Bα 6= ∅}.
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If c = ω2 then K = {1, 2, 3, ω1, ω2} or K = {1, 2, 3, ω2} and both possibilities are
consistent.
Proof. Suppose that c = ω2. Since max(covM, covN ) ≥ ω1, Corollary 2.5 implies
that K ⊂ {1, 2, 3, ω1, ω2}. The trivial decompositions R = R, R = (−∞, 0)∪ [0,∞),
R = (−∞, 0) ∪ {0} ∪ (0,∞) show that K ⊃ {1, 2, 3}. Let {Jα : α < c} be the
equivalence classes of the relation x ∼ y ⇔ (x = y = 0 or x/y ∈ Q). Then each Jα
is countable and closed under addition, so the decomposition R =
⋃
α<c Jα shows
that ω2 = c ∈ K.
Thus it remains to prove that both ω1 ∈ K and ω1 6∈ K are consistent if c = ω2.
Theorem 3.1 shows the consistency of ω1 ∈ K. It is well known (see [2]) that it
is consistent that covM = covN = ω2 = c. But in this case, by Corollary 2.5,
ω1 6∈ K, which completes the proof. 
4. Open questions
In this final section we collect some of the numerous remaining open questions.
Question 4.1. Is it consistent that c = ω3 and the real line can be partitioned
into ω2 additive Borel (or Fσ) semigroups; that is, there exists a decomposition
R =
⋃
α<ω1
Aα such that each Aα is a nonempty Borel (or Fσ) set closed under
addition?
We remark here that it is not hard to see from [18] or [14] that it is consistent
that c = ω3 and the real line can be partitioned into ω2 compact sets.
Question 4.2. What can we say about the following cardinal invariant?
γ = min{κ : κ > 3, ∃ Borel dec. ∪α<κ Bα = R with (∀α)Bα +Bα ⊂ Bα, Bα 6= ∅}.
By Corollary 2.5 we know that γ ≥ max(covN , covM) and by Theorem 3.1 we
know that it is consistent that c = ω2 and γ = ω1. What else can we say?
As we pointed out above, by Silver’s theorem the construction in Theorem 3.1
cannot yield a Borel equivalence relation. (Two real numbers are equivalent if they
are in the same piece of the decomposition, and the equivalence relation is Borel if
it is Borel when considered as a subset of the plane.) Actually, Silver proved his
theorem for so called co-analytic equivalence relations, see [11] for the definition and
some background in descriptive set theory. Now we remark that our construction
is not analytic either. Indeed, by a result of Stern [19] if each equivalence class of
an analytic equivalence relation is Fσ then there are countably many or continuum
many classes. However, we do not know the answer to the following.
Question 4.3. Is it consistent that c = ω2 and the real line can be partitioned into
ω1 additive Borel semigroups so that the resulting equivalence relation is analytic?
It would also be interesting to check whether our construction consistently pro-
duces a projective equivalence relation.
The following question is closely related to our topic in that it also requires some
extra condition using the additive structure of the real line.
Question 4.4. Suppose that R =
⋃
α<κBα is a decomposition into Borel sets that
are translates of each other. Does this imply that κ ≤ ω is or κ = c?
First we show that κ ≤ ω or κ ≥ covN , so an affirmative answer is consistent
with ZFC. Indeed, if Bα has measure zero then clearly κ ≥ covN . If Bα has
positive measure then we have κ disjoint translates of a set of positive measure,
and it is easy to check that this implies κ ≤ ω.
8 MA´RTON ELEKES AND TAMA´S KELETI
We also claim that the answer is affirmative in ZFC if the sets Bα are Fσ . Indeed,
suppose that ω < κ. By [1, Thm. 1] a σ-compact set has either at most countably
many or continuum many pairwise disjoint translates, hence B0 has continuum
many pairwise disjoint translates {B0+xα : α < c}. One can easily check that this
implies that no translate of B0 can contain more than one number −xα, hence less
than c many translates of B0 cannot cover R, therefore κ = c.
This proof also raises the following natural question.
Question 4.5. Suppose that a Borel subset of R has uncountably many pairwise
disjoint translates. Does it also have continuum many pairwise disjoint translates?
The last question is the natural continuation of the question of Freud.
Question 4.6. Suppose that (0,∞) =
⋃
α<κBα is a decomposition into nonempty
Borel sets that are closed under both addition and multiplication. Does this imply
that κ = 1 or κ = c?
We remark here that the case κ = c is possible indeed, as was pointed out by
Andra´s Ma´the´ [13]. Let G be the smallest family of real functions closed under
addition and multiplication and also forming a group under composition (in par-
ticular, G contains the identity function). Note that this makes sense, since we can
generate this family inside the group of strictly increasing functions. Then G is
clearly countable and it is easy to see that the orbits of G form a partition of R into
c many countable sets all of which are closed under addition and multiplication.
References
[1] T. Banakh, N. Lyaskovska, D. Repovsˇ, Packing index of subsets in Polish groups. Notre Dame
J. Form. Log. 50 (2009), no. 4, 453–468.
[2] T. Bartoszynski, H. Judah, Set Theory: On the Structure of the Real Line. A K Peters, Ltd.,
Wellesley, MA, 1995.
[3] A. Beutelspacher, Partitions of finite vector spaces: an application of the Frobenius number
in geometry. Arch. Math. (Basel) 31 (1978/79), no. 2, 202–208.
[4] T. Bu, Partitions of a vector space. Discrete Math. 31 (1980), no. 1, 79–83.
[5] K. Ciesielski, J. Pawlikowski, Nice Hamel bases under the covering property axiom, Acta
Math. Hungar. 105 (2004), 197–213.
[6] S. I. El-Zanati, G. F. Seelinger, P. A. Sissokho, L. E. Spence, C. Vanden Eynden, Partitions
of finite vector spaces into subspaces. J. Combin. Des. 16 (2008), no. 4, 329–341.
[7] R. Freud, personal communication.
[8] F. Hausdorff, Summen von ℵ1 Mengen. Fund. Math. 26 (1936), no. 1, 241–255.
[9] O. Heden, The Frobenius number and partitions of a finite vector space. Arch. Math. (Basel)
42 (1984), no. 2, 185–192.
[10] D. M. Kane, A Partition of the Positive Reals into Algebraically Closed Subsets, unpublished,
http://math.stanford.edu/∼dankane/algebraicallycloseddecomposition.pdf, 2007.
[11] A. S. Kechris, Classical descriptive set theory. Graduate Texts in Mathematics, 156. Springer-
Verlag, New York, 1995.
[12] G. Kiss, G. Somlai, T. Terpai, Decompositions of the positive real numbers into sets closed
under addition and multiplication, in preparation.
[13] A. Ma´the´, personal communication.
[14] A. W. Miller, Covering 2ω with ω1 disjoint closed sets. The Kleene Symposium (Proc. Sym-
pos., Univ. Wisconsin, Madison, Wis., 1978), 415–421, Stud. Logic Foundations Math., 101,
North-Holland, Amsterdam-New York, 1980.
[15] S. Piccard, Sure les ensembles de distances de ensembles de points d’un espace Euclidean
(Meˆmoires de l’Universite´ de Neuchaˆtel, vol. 13), L’Universite´ de Neuchaˆtel, 1939.
[16] J. H. Silver, Counting the number of equivalence classes of Borel and coanalytic equivalence
relations. Ann. Math. Logic 18 (1980), no. 1, 1–28.
[17] H. Steinhaus, Sur les distances des points des ensembles de mesure positive, Fund. Math. 1
(1920), 93–104.
[18] J. Stern, Partitions of the real line into ℵ1 closed sets. Higher set theory (Proc. Conf., Math.
Forschungsinst., Oberwolfach, 1977), 455-460, Lecture Notes in Math., 669, Springer, Berlin,
1978.
DECOMPOSING THE REAL LINE 9
[19] J. Stern, Effective partitions of the real line into Borel sets of bounded rank. Ann. Math.
Logic 18 (1980), no. 1, 29–60.
Alfre´d Re´nyi Institute of Mathematics, PO Box 127, 1364 Budapest, Hungary, and
Institute of Mathematics, Eo¨tvo¨s Lora´nd University, Pa´zma´ny Pe´ter s. 1/c, 1117 Bu-
dapest, Hungary
E-mail address: elekes.marton@renyi.mta.hu
URL: http://www.renyi.hu/~emarci
Alfre´d Re´nyi Institute of Mathematics, PO Box 127, 1364 Budapest, Hungary, and
Institute of Mathematics, Eo¨tvo¨s Lora´nd University, Pa´zma´ny Pe´ter s. 1/c, 1117 Bu-
dapest, Hungary
E-mail address: tamas.keleti@gmail.com
URL: http://www.cs.elte.hu/analysis/keleti
